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Abstract

We present a different view on stochastic optimization, which goes back to the splitting schemes for approximate
solutions of ODE. In this work, we provide a connection between stochastic gradient descent approach and first-order
splitting scheme for ODE. We consider the special case of splitting, which is inspired by machine learning applications
and derive a new upper bound on the global splitting error for it. We present, that the Kaczmarz method is the limit
case of the splitting scheme for the unit batch SGD for linear least squares problem. We support our findings with
systematic empirical studies, which demonstrates, that a more accurate solution of local problems leads to the stepsize
robustness and provides better convergence in time and iterations on the softmax regression problem.

1 Introduction

A lot of practical problems arising in machine learning require minimization of a finite sample average which can be
written in the form

OcRP

F(6)= > fi(6) + uin. ()
i=1

where the sum goes over the minibatches of the original dataset. Vanilla stochastic gradient descent (SGD) method [?]
consists sequential steps in the direction of the gradient of f;(8), where 1 is to be chosen randomly from 1 to n without
replacement.

Ok+1 = 0r — WiV f;. (2)

Gradient descent method [?] can be considered as an Euler discretization of the ordinary differential equation (ODE) of

the form of the gradient flow o

P V(). 3)
In continuous time, SGD if often analyzed by introducing noise into the right-hand side of (3). However, for a real
dataset, the distribution of the noise obtained by replacing the full gradient by its minibatch variant is not known and
can be different for different problems. Instead, we propose a new view on the SGD as a first-order splitting scheme for
(3), thus shedding a new light on SGD-type algorithms. This representation allows using more efficient local problem
solvers for the approximation of the full gradient flow.

Contributions

* We show, that vanilla SGD could be considered as a splitting scheme for a full gradient flow and highlight
connection between learning rate, batch size and size of the approximation step of SGD in continuous time.

* We propose new optimization scheme, which uses numerical integration of simple ODE at each step instead of
stochastic gradient calculation and show empirically, that such approach can be considered as a stepsize-robust
alternative to SGD for some practical ML problems.

* We present, that the Kaczmarz method is the limit case of the splitting scheme for the unit batch SGD for linear
least squares problem.
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2  SGD as a splitting scheme

We firstly consider simple ODE, where we can apply splitting idea and corresponding minimization problem. The best
example to start from is simple ODE with right-hand-side, consisting of two summands:

de 1

—_— == (7] 0 4

at 2(91( ) +92(0)) 4)
Suppose, we want to find the solution 6(h) of () via integrating it on the small timestep h. The first order splitting
sdceheme defined by solving first ¢ = —1¢,(8), 6(0) = 6, with exact solution 6 (h) at the moment h, followed by

49 — —1g5(0), 6(0) = 6, (h) with exact solution 8 (h) at the moment h. Thus, the first order approximation could

be written as a combinations of both solutions 87 (h) = 05(h) o 1 (h) o 6.

It is interesting to study how the pure splitting scheme [?, ?] corresponds to the SGD approach. For this purpose,
we consider an illustrative example of Gradient Flow equation [5] where the right-hand side of ODE is just the sum of
operators acting on 6, which allows us to apply splitting scheme approximation directly.

de

2
B 23 VIO =~ VA(0) - LV 1(0) ®)
=1

Table 1: The table describes the correspondence between splitting scheme for discretized Gradient Flow ODE and
epoch of SGD

Splitting step Euler discretization SGD Epoch First-order splitting

9 = —IVH(6) 6;=00— 5V fi(60) Oscp = 600 — hV f1(60) 6; =60 — 5V f1(60)
48 = _1Vf(0) 60;,=6;—L2Vf(0;) Oscp=0scp—hVfa(Osep) 60r=0;—52Vf(6)

Thus, we can conclude, that one epoch of SGD is just the splitting scheme for the discretized Gradient Flow ODE
with 2 - h step size (m - h in case of m batches)

Indeed, in SGD we go in the direction of the batch gradient, which stands for the Euler discretization of batch
gradient flow ODE or local ODE. This idea gives additional intuition on the method. Given information about the Euler
scheme limitation (first-order accuracy, stability issues), we propose to solve each local problem more precisely.

3 Optimization step with ODE solver

We propose to integrate local problem more precisely instead of Euler step in SGD. Solution of the local ODE problem
involves replacing gradient in the right-hand side of gradient flow ODE[] with batch gradient version. In our experiments
the explicit Runge-Kutta method [?, ?] was used via scipy [?] function odeint.

Table 2: The table presents ODE, which we need to solve at each step of the algorithm. The last column shows the
ODE, which is needed to be solved at each iteration of the algorithm for each given problem.

Problem Loss function Batch gradient Initial local ODE
m
Linear Least Squares fo)y=1= ; 1 X:0 — yil|2 X (X0 —y3) 40 = —1XT(X;0 —y;)
1 n
f(0)=—— Z (y,; Ino(0'x;)+
Binary logistic regression [t 1 X, (0(X:0) —yi) 9 — _1XT (0(X:0) —y1)
+(1—y;)In (1 —0(0"x) )
n oT x.
One FC Layer + softmax ~ f(©) = —2 210g 3;‘::;7);;) 1 X (s(0TX;") - K;)T ° - _LxT (s(eTX]) - Yi)T
= 3
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Algorithm 1: Splitting optimization

6, - initial parameter; b - batch size; « - learning rate; m- total number of batches
h:=am
t:=0
fork=0,1,...do
fori:=1,2,...,mdo
Formulate local ODE problem P¥
0,1 = integrate PF given an initial value 8(0) = 0, to the step h
t:=t+1
end
end

Typical machine learning problems involves dealing with mini-batch of size b, which is often less, than the number
of trainable parameters p, which allows us to reduce dimensionality of the dynamic system via Q R decomposition
of each batch data matrix XZ-T = @;R; (see details in the Appendix) and substitution n; = Q?O. Note, that QR
decomposition is only needed to be performed once before the training.

Table 3: The table shows initial local ODE and paired PF. Note, that n, € R” , while 8 € R?

Initial local ODE Pk Integration
48 = —1XT(X,0 —y) % =—1iR (Rim—yi). m=Q6 analytical
B =—2X (0(X:0) —y3) L= LR, (o (R/m)—yi) . m=Q]0 odeint

2= _LxT(s(0TX]) - Yi)T il = LlR(s(H'R)-Y))",H; =Q]©  odeint

There is an analytical solution for each local ODE in linear least squares case:

Theorem 1. For any matrix x; € R*P b < p, rankX; = b, any vector of right-hand side y; € R? and initial vector of
parameters 0y, there is a solution of the % = —%XZ-T (X0 —yy), given by formula:

O(h) = Qe w TR " (Q] 80 — R, "yi) + QiR; Tyi + (I — Q:Q[ )60, (6)
where Q; € RP*Y and R; € RY*? stands for the QR decomposition of the matrix X; |, X; | = Q;R;.

It is interesting to mention, that the splitting approach immediately leads to the Kaczmarz [?, ?, ?] method for
solving linear system in the same setting with unit batch size.

_x. T
lim O(h) = M

h—00 |Ixi |2

X; + Og, @)

which is exact formula for Kaczmarz method for solving linear system. This result correlates with the statements of
[?], but provides us with a new sense of similarity between SGD and Kaczmarz method.

4 Results

In this section, we describe the experimental setting. The majority of computations were performed on the NVIDIA
DGX-2 cluster with 80 CPUs and 512 Gb RAM. We restricted the number of CPU usage per each experiment with
an upper limit of 5 CPUs per experiment. All time measurements were done with the time library for Python. All
experiments were done with the fixed random seed for reproducibility. For each experiment we performed 30 runs with
random initialization and plotted trend line with the standard deviation.

Linear Least Squares Both random and the real linear systems were tested. For random linear system (random
11s) we generated 10000 x 500 matrix with additive Gaussian noise of magnitude 0.01. Presented figures correspond
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to the batch size equals to 20. The real linear system (tom 11s) is the standard tomography data from AIRTools II [?].
Solution of the linear system is the 50 x 50 image reconstructed from solving 12780 x 2500 linear system. Presented
figures correspond to the batch size equals to 60. Relative error 10~3 was used as the stopping criterion.

Binary Logistic Regression (1ogreg) In our experiments we used two classes from MNIST [?] dataset, which
corresponds to the 0 and 1 digits. The size of the batch for presented figure is 50. Test error 0.001 was used as the
stopping criterion.

Softmax Logistic Regression (softmax) We took Fashion MNIST [?] dataset with 60000 grayscale pictures from
10 classes. Each example is 28 x 28 image. The size of the batch for presented figure is 64. Test error 0.25 was used as
the stopping criterion.

On the figures below we have two labels: SGD and Splitting, which stands for batch stochastic gradient descent
and proposed algorithm. We use different constant learning rates to perform our experiments. All the learning rates
tested for both algorithms. Lack of point of one algorithm on the graph means reaching the limit of iterations without
achieving the termination rule.

LLS_iter.pdf LLS_tom_iter.pdf Logreg_iter.pdf Softmax_fashion_mnigt_iter_err0

(a) Random LLS (b) Tom LLS (c) LogReg (d) softmax

As it is expected, SGD diverges starting from some value of learning rate, which is specific for each problem. While
we can see comparative robustness of the proposed splitting optimization approach.

LLS_time.pdf LLS_tom_time.pdf Logreg_time.pdf Softmax_fashion_mnist_time_err0

(a) Random LLS (b) Tom LLS (c) LogReg (d) Softmax

5 Related work

In this work, we presented another point of view on the nature of stochasticity in the stochastic gradient algorithms.
From this perspective, different splitting schemes yield different stochastic gradient algorithms. We focused on the
first-order splitting scheme for ODE, which corresponds to the SGD with the constant learning rate. Given this tractable
setting, we performed a systematic empirical study of the local problem integration influence on the quality of the
approximation scheme in machine learning problems. While the question of using these ideas to make general-purpose
optimizer remains open, splitting optimization approach showed itself quite robust to the hyperparameter tuning for
particular practical problems. Appendix to the paper contains proofs of the theorems and a new global error upper
bounds for the first-order splitting for the special case. In [?] authors introduced second order ODE, which is equivalent
(in the limit sense) to the gradient descent with Nesterov momentum [?]. Generalization of these ideas was presented
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in [?] with an arbitrary polynomial acceleration using the same parameter in ODE. General overview of the interplay
between continuous-time and discrete-time points of view on dynamical systems and iterative optimization methods is
covered in [?], [?]
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A Upper bound on the global splitting error

Suppose, that we have only two batches, and the problem is consistent, i.e. there exists an exact solution 6, such
as X0, =y. The GD flow has the form

de
— = X'(X0-y)=-X"X(0-6,) =
= (X0 -y) (6-6.) ©
= —(X| X1 + X; X2)(0 - 6.),
i.e. the splitting scheme corresponds to a linear operator splitting
A=A+ A, A=—XTX, A =-XX;, i=1,2.

Both A; and A, are symmetric non-negative definite matrices. Without loss of generality, we can assume that
6. =0,
Suppose that the rank of A is r; and the rank of As is 2. Then, we can write them as

A; = QiB;Q;,

where @; is an N X r; matrix with orthonormal columns. The following Lemma gives the representation of the matrix
exponents of such matrices.

Lemma 1. Let A = QBQ*, where Q is an N X r matrix with orthonormal columns, and B is an v x r matrix. Then,
¢ = (1 -QQ") +Qe'Q. ©)

To prove (15) we note that

etA - s tkAk _ i thBk,Q* _
k! k!
k=0 k=0

tk Bk
=1-QQ +QQ +QY_ —-Q" =
k=1 ’
_ (I— QQ*) +Q€tBQ*.

Lemma 2. Let Ay, Ay € S be the square negative semidefinite matrices, that don’t have full rank, i.e. rank A; < p
and rank Ay < p. While the sum of those matrices has full rank, i.e. A = Ay + As,rank A = p. Then, the global
upper bound error will be written as follows:

lim [|le?2fe™tt — e = [|[(1 — Q203)(I — Q1Q7)| (10)

t—o0

Proof. The proof is straightforward. We will use the low rank matrix exponential decomposition from the Lemma 3|

et =TI + QP Q; , where II; = I — Q; Qi = 1,2

tliglo HeAzteAlt _ eAt” —

= Jim [[(T + Q2e™*Q5) (T + Q1e7'Q7) — | =
- tlim [T2IT; + Q1P Qi1I; + 11 Q267 Q3+

+ Qe Qi Qe ™! Qs — e =

= TI>1T;

Since all matrices B1, Bs, A are negative all the matrix exponentials are decaying: HeAtH < et AVt > 0, where
(A) = Aaz (A+2AT) - the logarithmic norm. O
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upper_bound_2.pdf upper_bound_many.pdf

(a) Global error of the splitting scheme. Initial random full (b) Global upper bound on the splitting scheme in case of 40
rank matrix X € R!09%100 wag splitted by rows. X1, Xo € summands in the right-hand side.

R30%190 " Target matrices were obtained the following way:

Al = —Xle,AQ = —XQ*XQ,A = -X*X. So Al,AQ are

negative and lacking full rank, while A = A; + A has full rank.

The graph presented on the Figure|3adescribes . One can easily see significant difference between existing global
upper bounds for that case [?] and derived upper bound.

Theorem 2. Let Ay, Ay, ..., Ay € SY be the square negative semidefinite matrices, that don’t have full rank, i.e.

b
rank A; < p, Vi = 1,...,b. While the sum of those matrices has full rank, i.e. A = > A;,rank A = p. Then, the
i=1
global upper bound error will be written as follows:

Abt...- Alt_eAt” — , (11)

lim |le
t—o0

- €

b
| | ot
i=1

where Il; = I — Q;Q} and A; = Q; B;Q} and Q; is a matrix with orthonormal columns.

The graph on the Figure|3b|shows empirical validity of the presented upper bound.

B Proofs
Theorem 1. For any matrix x; € R?P b < p, rankX; = b, any vector of right-hand side y; € R® and initial vector of
parameters 0, there is a solution of the % = —%X;'— (X0 —y;), given by formula:

O(h) = Qie™ "R (QF 80 — Ry Tyi) + QiR i + (I - QiQ))6o, ©

where Q; € RP*? and R; € R stands for the QR decomposition of the matrix XX = Q;R;.
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Proof. Given X, = Q;R;, we have (I — Q;Q.)X,” = 0. Note, that Q; is left unitary matrix, i.e. Q; Q; = I.

do 1
— =X, (X;0 —y;
7= ki yi)
do
(I - Qz‘QZ)* =0
d0 To
— =Qi— (Q ) QIB =N
@ = QZ d771 integrate from 0 to h
( )—Qi (ﬂi( ) = mi(0)) + 6o (12)
On the other hand:
dnl Td0 1 77
Ql dt an ) ( y)
= —ﬁQ?QiRi(R:QJB —yi) =

1

Consider the moment of time ¢ = co. dd'i‘ = 0, since 30*,Q,/ 0" = m;*. Also consider ([3):

dni 1 T
=0=—— (R, mi" — Riyi
dt , (Biltin v) (14)
Riyi = RiR[ n;*
Now we look at the (T3] with the replacement, given in (T4):
dm; 1 T T
— —= (R:R] mi — RiR] my"
dt n (Riftm )
dm; 1 .
ch = —fRZ-RT (i —mi™) integrate from 0 to h
mi(h) = mi" = e~ D (1 (0) — mi*)
while 7" = R yi,m(0) = Q6o
m(h) = e RE(QT O — R Tys) + Ry Ty
Using (12) we obtain the target formula
O0(h) = Qie” =T (Q 0y — Ry Tyi) +
+QiR; Tyi+ (I - QiQ] )80,
O

Lemma 3. Let A = QBQ*, where Q is an N X r matrix with orthonormal columns, and B is an r X r matrix. Then,
= (I -QQ") +Qe'"Q". (15)
To prove (T3) we note that

o0 tkAk el thBkQ*
tA _ _ _
c k! = T
k=0 k=0
= t’“B’“
=1-QQ" +QQ’ +Q§: =

= (I -QQ") +Qe'"Q".
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Lemma 4. Let Ay, Ay € St be the square negative semidefinite matrices, that don’t have full rank, i.e. rank A; < p
and rank Ay < p. While the sum of those matrices has full rank, i.e. A = A1 + As,rank A = p. Then, the global
upper bound error will be written as follows:

lim et et — M| = |[(1 - Q2Q3)(I — Q1Q5)| (16)
Proof. The proof is straightforward. We will use the low rank matrix exponential decomposition from the Lemma 3]

Mt =TI + QP Q) where II; = I — Q;Q};i = 1,2

thjrolo HeAgteAlt . eAt” _

= lim [|(ITz + Qe Q5)(I + Que™'Q}) — e =
- tllm [ToIT; + Q1P Qi1Is + 111 Q26 Q3+

+ Q1P Q1 Q26721 Q; — || =

= 11,114

Since all matrices By, By, A are negative all the matrix exponentials are decaying: |le?|| < e*(4) vt > 0, where

(A) = Anaz (AJFQAT) - the logarithmic norm. O

C Applications

C.1 Linear least squares
C.1.1 Problem
Let £;(0) = ||xi ' @ — y;||?, then problem (T)) is the linear least squares problem, which can be written as
f(6) = lIIXH—yH2 = li:llX‘@—Y'Il2 — min (17)
n 27 e 127 gerr’

where X € R"*P and y € RP and the second part of the equation stands for s mini-batches with size b regrouping
(b-s=n) X; e R>*P y; ¢ R

Vof(8) = Vf(0) =~ 3 X[ (X0 -y 18)

i=1

The gradient flow equation will be written as follows:

e 1
& =2 X[ (Xi0 —y) (19)

i=1

C.1.2 Exact solution of the local problem

Theorem [I] gives us explicit formula for the local solution:

0(h) = Qie” "R (QT 0y — Ry Tyi) + QiR; Tyi + (I — Q:Q7 )00
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C.1.3 Kaczmarz as the limit case of splitting

Kaczmarz method [?], [?], [?] is a well-known iterative algorithm for solving linear systems It is interesting to mention,
that splitting approach immediately leads to the Kaczmarz method for solving linear system in the same setting with
unit batch size.

When the batch size is equal to one, we need to do n QR decompositions for each transposed batch matrix, which is
just column vector X; in our case:

Xj = qQiri = H || H 1|| (20)

ry

Now, we need to use (6)) to derive analytic local solution in that case:

. 2 T _
O(h) = = (X‘ 0 — 2 )+
i | il i |
X; X;X;
F s (1950,
(i | i |2
T
i —X;' 0 BN
L) (e

" )Xi+00

It can be easily seen, that:

.
lim o(h) = L% %)

h—»00 A + 6o, @D

which is exact formula for Kaczmarz method for solving linear system. This result correlates with the statements of [?],
but provides us with a new sense of similarity between SGD and Kaczmarz method.

C.2 Binary logistic regression

C.2.1 Problem

In this classification task then problem (T)) takes the following form:

1 T . .
- Zl (yZ Ino(0 x;)+ (1 —y;)In(l—0(0 xi))) — Iin, (22)

where o(z) = is the sigmoid function, while y; € {0, 1} stands for the label of the object class.

1+e ©

Vof(0) =V Zx, (6x:) — v) (23)

The gradient flow equation will be written as follows:

de 1 & T
— == (007 x3) — 24
7 ni:1X(0( Xi) — Yi) (24)

Our particular interest lies in mini-batch reformulation of the given problem. We consider s mini-batches with size
b regrouping (b - s = n): X; € R?P y; € R® and o(x) stands for the element-wise sigmoid function.

o 1<
= S X (0 (X:0) —yi) (23)
i=1

10
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C.2.2 Splitting scheme and local problem

Since we are applying splitting scheme to find the approximate solution of the (23)), each local problem should be
written as follows:
=X (0 (X:0) - y) (26)
Note, that this is not linear equation and cannot be solved as easy as in Theorem[I} However, we can apply the same
technique to reduce the dimension of ODE, which is needed to be solved numerically.
Suppose, we have Q R decomposition of each batch data matrix X, = Q; R;, then we can multiply both sides of

on the (I — Q;Q,") on the left.

™ o 0on T v — o (X
(I—QiQi)E—(I QlQ')nXi (yi (X.0))

e (QTB) Tg_
dt =Q; Ql 0 = n;
ae .
T Qi Tt integrate from 0 to h
0(h) = Qi (mi(h) —mi(0)) + 6o (27)

On the other hand:

dm _ Tde 1 +7 ‘ _
i =Q, dt nQi X; (U (XZH) yi) =

= _gQ;‘rQiRi(U (Xi0) —yi) =
1
= _ERZ'(U (Xi0) — i)
Recall, that each hypothesis function depends on linear function x; | @, which means, that in batch reformulation it

is just entries of the vector X;6. Since we have QR decomposition of X,", we can write: X;0 = R] Q0 = R/ n;. In
other words:

dmji 1, Ty o
o =T (o (Rfm) —yi), (28)

To sum it up, we need to solve (which is much simpler, than original differential equation (26)), than substitute
it to the with 7;(0) = Q,” 8. Note, that matrices @; and R; can be computed only once before the training.

C.3 Softmax Regression
C.3.1 Problem

In this classification task then problem (IJ) takes the following form:
T @ X
- Zlo e | 7 ot 29

where e* is element-wise exponential function, while y; € R stands for the one-hot encoding of the i-th object label.

0T x; T
v@f i le <Y1 - ]_T()Tx,> (30)

Vof(® :—Zx, (vi—s(©7x)) " 31)

11
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Here we use s(x) as a softmax function of a vector x, i.e. s(x) = .While mini-batch reformulation will take

lTex
the following form:
Vo f(©) = —— ZXT —s@TXx)) ", (32)
| | | |
where s(X) = | s(x()) s(x@) -+ s(X@)) | isacolumn-wise softmax function. Indeed, in a very similar

manner to the binary logistic regression we can write down gradientflow ODE for softmax regression in a mini-batch
form:

*:—*ZXT (s07x7)-v;) " (33)

Splitting method requires the local problem, Wthh is focused on a single minibatch:

@ _ 1
dt

X7 (s@7x])—v)" (34)
(- Q@D = (1 - Q@) - XT (v~ s(0T X))

-
@—Qz (Q o)

d@ H;
7_Qz

( )—Qi( i( ) — H;(0)) + ©¢ (35)

Q; 0 =H,

integrate from O to h

On the other hand:
d TdO
=Q; yr
= QI QuR((0TX]) - V)T =

1
— ——Ri(s(07X]) - ¥))T =
n

LorxT(s(0TXT) )T =
n

1
— ——Ri(s(H[R) - Y)T

Now we need to solve ODE of variable of the size b x k, rather, than p x k.

D LASSO with Splitting Schemes

We now consider the LASSO problem as a concrete instance where the choice of splitting order has a measurable
impact on convergence. Let

1 .
F(0) = =[|A6 — y|* + A6[l, — min, (36)
2 OcRd

where A € R"*4 y € R", and A > 0. Let L = || AT A|| (spectral norm), 8* a minimizer of (36), and 0 < h < 1/L.

D.1 Lie-Trotter (Proximal Gradient / ISTA)

The first-order (Lions—Teboulle / LT) splitting applied to the gradient-flow ODE for (36) yields the standard proximal

gradient step:
Ok+1 = proxyy ., (0k — hAT (AB) —y)), (37

which coincides with ISTA [?]. The following result characterises its asymptotic bias.

12
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Theorem 3 (LT zero algorithmic bias). Ler O = & S @), be the averaged iterates of 7). Then

160 — 67|

F(0g) - F(0%) < 38

(Ox) - F(07) < 5= (38)

In particular, iminf ko, [F(8 k) — F(0")] = 0: the LT iterate has zero algorithmic bias.

D.2 Strang Splitting (Strang-ISTA)

The symmetric (Strang) splitting applies the proximal operator at half the step on both sides of the gradient step:
Orr1 = PYOX(M/2>H-|\1(PYOX<M/2>||~H1 (0x) — hAT(Aproxg, /o)., (Or) — Y)>- (39)

Unlike the LT scheme, the Strang splitting introduces an algorithmic bias: the iterates converge not to 8™ but to a
shifted fixed point 8" # 8%, with a bias floor proportional to h2\2.

Theorem 4 (Strang-ISTA convergence with bias floor). Let 05 = -+ 2{;01 ). be the averaged iterates of (39). Then
5 o < 18007 2 2

FOg)—-F(O") < ——— “h7 A 40

@) - Fio7) < 0o e @0)

where Cp > 0 is a constant depending on A and 0*. In contrast to Theorem the second term is an irreducible bias
that does not vanish as K — oc.

Remark 1 (Constant C'p and Strang fixed-point shift). The constant Cp in Theoremd|characterises the algorithmic
bias introduced by Strang splitting applied to the LASSO problem. Numerical estimation (for A € R200%20 X\ = (.05,
varying h € [0.1/L,0.5/L]) yields

Cp =~ 0.77. 41)

Analytical conjecture. At the Strang fixed point 0" (i.e. 0" =T, Strang,h (9h) ), the fixed-point equation analysis suggests

A sign(e”)|?

C’D ] )

(42)

where 0" is the optimal solution. For the numerical setting above: |As*||? ~ 6.15, giving Cp ~ 0.769, consistent

with (T).
Fixed-point shift. The Strang fixed point 8" is shifted from 0" by

0" — 0" ~ % sign(0™) (43)

on the support of 0*. This bias is proportional to the step size h and regularisation strength )\, and vanishes in the limit

h — 0 (consistent with the zero bias of LT). The corresponding excess objective value is

_h h2)\2

F(8")— F(0") = < (s*)THs* + O(h®), (44)

where H = AT A and s* = sign(0*).
The analytic formula requires a rigorous proof (planned: discuss with I. Oseledets, April 2026).

Corollary 1 (Splitting order matters for sparse optimisation). Under the LASSO setting (B6)), the LT (first-order) and
Strang (second-order) splitting schemes achieve the same O(1/(hK)) transient rate, but differ in their asymptotic
regime:

o LT /ISTA: converges to 8" with zero asymptotic bias.
o Strang-ISTA: converges to the biased fixed point 0" with F(@h) — F* = Cph®)\% + O(h?).

Hence, for sparse optimisation problems with {1 regularisation, the first-order splitting (LT/ISTA) is preferable despite
the theoretical second-order accuracy advantage of the Strang scheme for smooth ODEs.
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