IJIEMEHTHI TEOPUI UVICEII

,HBJIUMOCH’lb, ocmamkKku U cpasHeHus no

MOOYITTH

Ilenple umcaa — caMble 3HAKOMBbIe OOBEKTHI B MaTeMaTHUKe, I
Ka)XeTCd, YTO IIPO HUX TPYAHO CKasaTh uTO-TO HoBoe. OgHaKo
JIMEHHO U3 BOIIPOCOB O 0elUMOCMU LEJIBIX UVCeJ BBIPOC I[eJIBII
pasmes MaTeMaTUKN — TeOPMsA YMcell, — U IMEHHO e€ pe3yJIb-
TaTHI celffyac paboTaloT BHYTPY KaKIOr0 MeCCeHKepa 1 6aHKOB-

CKOJI KapThl.

1 Onpenenenne 4.1

TOBOPST, UTO 1I€JI0€ YUCIIO @ JEeJUTCH Ha 1esioe uncio b # 0
(nam uto b mEJUT @), eCcIuU CYIIECTBYeT TaKoe 1eJioe YICIIO ¢,

uro ¢ = b - q. [luyT b | a.

Eciu a He nenntes Ha b, TO BCE paBHO MOYKHO 3aIlIICATh
a=b-q+r, 0<r<|b]. (1)

9TO 3HAKOMOE CO ILIKOJIBI {eJIeHIE € OCTATKOM. YNUCIIo ¢ Hashl-

BAETCS HENOJIHbIM UACTHbIM, & T — OCTATKOM OT AeJIeHUs a Ha

b. Ocratok o603HauarT TaKxe ¢ mod b (unTaercss «a Mo MOIYIIIO

b»).

Q Hpumep 4.2

17=5-34 2, moaromy 17 mod 5 = 2.
—17=5-(—4) 4+ 3, mosromy (—17) mod 5 = 3 (ocraTox —
HEOTpUILATENbHOE UNCIO!).

HpOCTbIe ynucjga — «aTOMbI» OEJIVIMOCTI.

1 Onpenenenne 4.3

HaTypaJIbHOC YJICIIO P > 1 maspIBaercsa IIPOCTHIM, €CJINT OHO

IeNUTCS TOJIBKO Ha eIUHMIY U Ha camo cebs. HarypanbHoe

n > 1, HE ABJIAIOIICECA IIPOCThIM, Ha3bIBACTCA COCTABHBIM.




[TepBere mpocteie umcina: 2,3,5,7,11,13,17,19,23,29, .... IIpo-
CTBIX uMceJl 0eCKOHEUHO MHOIO0 — 3TO JoKasaj elné EBximmn
(moxa3aTesbCTBO MBI IIOBTOPUM B II. 4.1).

OcHoBHas TeopeMa apuPMETHMKU TOBOPUT, UTO JI00OE HATy-
pajipHOe umcio n > 1 eduHcmeeHHbIM (C TOUHOCTBIO IO TOPSIIKA)
CII0COOOM paCKIIaIBIBAETCS B IIPOU3BEIeHIE IIPOCTHIX:

n=pyt-py*eppt. (2)
CpaBHeHNsA IO MOAYJIIO. B Ka)K0i1 3a1ade, Iie BaXKHA TOJIBKO
«ocrarouHas» uHbopmanus (Hapumep, AeHb HeIeI B 3aBUCH-
MOCTM OT HOMepa [IHS B rofy), YIOOHO BMECTO UNCeN paccMmaT-
pMBaTh UX OCTATKU OT JeJIeHUs Ha HeKoTopoe (puKcupoBaHHOE

YrCJIoO.

1 Omnpenenenne 4.4

ITycts m > 2 — HaTypasibHOe uncio (MomyJs). Llensre uncia
a 7 b Ha3BIBAIOTCSI CPABHMMBIMIL II0 MOAYJIO 1M, €CIIVI UX

pasHocTb @ — b menmrcesa Ha m. [Inmryr

a =b(modm). (3)

PaBHOCHIIBHOE ompeneneHue: a = b (mod m) Torga u TOIBKO TO-

r7a, Korma a u b qamT ONMHAKOBbIe OCTATKI IIPU JAeJIeHNY Ha M.

Q Hpumep 4.5

23 =9(mod7), motomy ut0 23 —9=14=2-7.

B 06oux ciaydasx ocTaTOK OT JeJIeHMs Ha 7 paBeH 2.

CpaBHeHUS — OuYeHb yMOOHBIN fA3BIK, IIOTOMY YTO OHU 6e0ym
cebst Kaxk o0bluHble Pa6eHcmMeEa: X MOKHO CKIJIQIbIBATh, BBIUMTATD,

YMHOKaTh ¥ BO3BOJUTD B CTEIICHb.
Teopema 4.6. cBOJICTBa CpaBHEHMIT

Eciu a = b(mod m) u ¢ = d (mod m), To:
a+c=b+d(modm);
a—c=b—d(modm);

3. a-c=b-d(modm);

4. a"™ =b" (modm) nus 10060r0 HATYPATBHOTO 7.

&

HoxasarenscrBo. [lo onpepmenernuro a —b=m-k; u c—
d=m-k, Torma (a+c)— (b+d)=m(k; + ky) menurca na



m. [Ona ymuoxenus: ac — bd = ac — bc + be — bd = c(a — b) +
b(c — d), uto Toke menuTcs Ha m. Bo3BeneHMe B CTENEHb — CIef-

CTBIE€ YMHOKEHUSI. ©
C Oenenuem CUTyaluda CIIOKHEE. Henpsza «IIPOCTO TaK» IIO[E-

auTh 00e uwacTu cpaBHeHus — Hanpumep, 6 = 0 (mod6), HO
«CcoKpatuB Ha 2», monyuuM 3 = 0 (mod 6), uro HeBepuo. Korma
JeJIeHue 3aKOHHO — MBI pa30epéM Uy Th I1033Ke, II0CJIe 3HAKOMCTBA

C AJITOPUTMOM EBKI[I/IH&.

Aneopumm Eeknuoa

O,HHa 3 TJIaBHBIX onepaumﬁ B T€OpUIM UMCEJI — HAXOXIOCHIIE

Hauboubirero o6imero geanressa (HOJ) nByx umcern.

1 Onpenenenue 4.7

Hawubompiumit obmuit qexurensb uuced a u b (He paBHBIX of-
HOBPEMEHHO HYJII0) — 3TO HamboJIblllee HATypalbHOE YNCIIO,
Ha KOTOpOe HeNATCs OOQHOBPEMEHHO U a, u b. O6o3HauaeTcs
ged(a, b).

Ecnn ged(a, b) = 1, To yncna a u b Ha3bIBAIOTCS B3aMMHO

NPOCTHIMIL

Kak naittu ged(a, b)? MoxkHO, HaripuMep, pasioKUTh 00a YuciIa
Ha IIPOCTBIE MHOXXUTEIM M B3ATh obOuue. Ho mpm Gompmx
YycIax pasjoKeHue Ha MHOXKUTENNM — OUeHb TsDKEIas 3agada
(06 aTOM MBI ITOrOBOPUM B KOHIfe maparpada). K cuactsio, erié B
IIT Bexe mo H. 3. EBKIM mpemitosxmit criocod, KOTOPEIit paboraer
HeCpaBHUMO ObICTpee.

T'eomerpuueckast upest. [IpencraBuM cebe NPSAMOYTOIBHIK CO
cropoHamu a u b, mpuuém a > b. ByaeM «BbIKIaAbIBaTh» B HETO
KBaJpaThl CO CTOPOHOII b, IToKa 3T0 Bo3MokHO. Korma ocranercs
II0JIOCKa €O cTOopoHamu b u r = a mod b, moBTopuM mpoueaypy
g Heé, M Tak manee. Korjga BhIK/IagbIBaHMe 3aKOHUMUTCS TOY-
HBIM KBaJpaToM — CTOPOHA 9TOTO ITOCJIeTHEro KBajapaTa I ecTbh
ged(a, b) (puc. 4.1).

Pucynox

Q 910 maTEpecHo

CpaBHeHUs BCTPEUATCs TOBCIOY B sKU3HML. Jach!
— apudmernka 1mo mopymo 12 (mam 24): ecian
ceituac 10 wacos, To uepe3 5 uacoB Gymer 10+
5 =15 = 3 (mod 12). [lers Hegenu — apupmeTnka
o moxayiro 7. Kourponenas uudpa MHH, HoMep
GaHKOBCKOJI KapThl, IUTPUXKOMN KHUIY — BCE OHI
BBIYMCISIIOTCSA KaK cyMMa udp (¢ pasHbIMU Beca-
M) I10 HEKOTOPOMY MOMYJIIO.




Pucynox fig:euclid-geom He CreHepUpPOBaH:
C:\Users\712\AppData\Local\MiKTeX\miktex\log\miktex-
maketfm.log

Puc. 4.1. Teomempuueckas unmocmpayus aneopumma Eekmuoa ons
naput (48, 30). I[Ipamoyzonvhuk 3anonnsemcs keaopamamu: 30 X
30, 3amem 18 x 18, 3amem 12 X 12 u, HakoHey, 06a keadpama 6 X

6. Cmopora nocnedrnezo kéadpama pasta ged(48,30) = 6.
YucieHHO 3TO COOTBETCTBYET II0C/IEOBATEIFHBIM AEJIEHUAM C

OCTAaTKOM:
48 =1-30 + 18,
30 =1-18 + 12,
18=1-12+6, (4)

12=2-6 4+ 0=gcd(48,30) = 6.
ITouemy amo pabomaem? KiroueBoe HabnrogeHue: eciau a = bq +
r, to ged(a,b) = ged(b, r). HeitctBurensHO, 11060€ UMCIO, €S-
utee a u b, genut u r = a — bq; obpaTHO, 1I060E YNCIIO, AeAIIee
bur, nemur u a = bq + r. 3uauur, y nap (a,b) n (b, r) oguu u Tor
)Ke HabOp OOIIMX JesnTeNneit — U, CJIe0BATeIbHO, ONVH I TOT XKe
ged. Ha xask[ioMm 11are BTOPOJI apryMeHT YMEHBIIAEeTCs; paHblIIle

JIJIN TIO37KE OH CTAHET HYJIéM, 7 TOrga IE€EPBOE UNCIIO — VICKOMBI

HO/.

!AJIropMTM: naxoxnerne HOJI (EBkiu)

Bxopn: HartypanpHble uncia a,b, a > b > 0.
Beixon: ged(a, b).
1. Ecum b = 0, BepHYTS a.
2. Vuaue Bprumcanuth 7 = a@ mod b 11 IIOBTOPUTS C I1apoit

(b, r).

Ha niceBmoxone:
function ged(a, b):
while b # 0:
a,b:=b,amodb

return a

Ckopocth paborbl. CKOIBKO IIIaroB JejaeT ajaroputm? Mox-
HO 1oKa3aTh (Teopema Jlame, 1844 r.): umcio [fejleHMt B

anroputme EBximpma mist ged(a, b) He IPeBOCXOMNUT MPUMEPHO



5log;, min(a, b). 910 3HAUUT, UTO 1A YUCeN B comHu yudp (a
TaKUe YUCia peabHO UCIONb3yoTes B Kpunrorpapuu) HOJI Ha-

XOOUTCA 3a HECKOJIBKO COTEH IICJIEHI/IIZ — AO0JIM CEKYHBI.

Pacwupennwiii aneopumm Eeknuda

[opasurenbublit ¢akt: EBkiaup Hamén ue TonbKo ged, HO U
croco6 npedcmagums ero B BUIE «I[€JIOUMCIECHHON JMHEHOI

KOMOWHAIN» JICXOHBIX YICEJL.
Teopema 4.8. cooTHOLIEHNE Be3sy

J71s1 MI0OBIX HATYPAJIBHBIX @, b CYIIIeCTBYIOT LieJIble YUCa L, Y

(He 06s3amenbHO NOTONCUMETIbHDLE), TAKIIE UTO
a-xr+b-y=ged(a,b). (5)

9tu x,y HasbiBawTca Koddpummenramu Besy. Haiitu nx mos-
BOJIIET pacIIMPeHHbI aaroputM EBKiampa: npu geneHusax c
OCTAaTKOM MBI 320JHO «OTCJIeKMBaeM», KaK BBIpaKaeTCs KasK bl
TEKYIIMII OCTATOK Uepe3 MCXOOHbIEe a 1 b.

IIpumep: Te >xe 48 u 30. [IpokpyTuM LIENIOUKY JeJIeHUN «CHU-
3y BBepX», BeIpaxkas 6 (Haur HOJI) uepes Bcé 60 JpIine yncIia.

6=18—1-12 (13 Tperbero meeHus)
=18—-1-(30—-1-18)=2-18—-1-30 (moxmcraBmnu 12 = 3(6)- 18 )
=2-(48—1-30)—1-30=2-48—3-30 (moxcraBmmmu 18 =48 — 30 )
Honyuwnn: 2 - 48 + (—3) - 30 = 6. Koadpdpuunentsr Besy: x = 2,
y=—3.

Q ITpumep 4.9

IIposepum: 2 -48 —3-30 = 96 — 90 = 6 = gcd(48, 30). Cos-

mamaer.

Yno6Ho BecTu pacuér B Tabnmie:

mar | r | qg| x | vy
0 [48]—| 1 0
1 |130|—1] O
2 18111 -1
3 |12 1(—1| 2
4 6 (1] 2 |3




mar | r |qg| x | vy
5 (o2 — | —

B kaxmoll cTpoke BBINMONHSAIOTCI paBeHcTBa r = 487 4 30y. Ha
npeamociaenHeit crpoke (rae r = ged = 6) M CUMTHIBAIOTCSA KO-

bULIMEeHTHI.

Pewenue nuneliHblx cpagHeHUT

[IpyMeHUM TO, UTO IOJYUNIIN, K PElIeHNI0 YPaBHEHUII B MOIY-
JSpHOI apudMeTnKe.

OOpaTHFBII 3J1eMeHT MO MOAYJII0. B 00bruHOI apudmeTuKe
Y1ICII0, 006paTHOE K @, — 9T0 1/a: Ipu yMHOKEHUN JAET e VHULLY.
ITo MoxysIr0 M OOPATHBIM K @ Ha3bIBaeTCSA TaKoe I[eJIoe a4 -, UTO

a-a!'=1(modm). (7)
Hanpumep, mo mompymo 7: 3-5=15=2-74+1=1(mod7),

sHaunT, 3~ =5 (mod 7).
Teopema 4.10

OGpaTHBIIl 3JIEMEHT K @ T10 MOZIYJIIO 1M Cyujecmeyem Toraa u
TONIBKO TorAa, Korga ged(a, m) = 1. IIpu 910M OH HAXOAUTCS

C IIOMOIIIBI0 PACHINIPEHHOTO AJITOPUTMaA EBKJII/I,IIa.

HMoxa3sartenscrBo. Eciu ged(a, m) = 1, 10 1o Teopeme 4.9 cyuue-
CTBYIOT IeJIble I,Yy, TaKue uto ax + my = 1. IT0 cpaBHeHIe
0 MOAyJII m mpuHmMaer Bup ar = 1 (modm), To ects T =
a~! (modm).
O6patHo, ecna - a * =1 (modm),Toa-a ' —1=m - knana
HeKOoToporo k, OTKyaa 110007 OOIIMil KeIUTeIb ¢ U M TOJDKEH

IeJNTDh 1, — 3HaUnT, gcd(a, m) = 1.

Q Hpumep 4.11

Haitném 1171 (mod 26). IpumensieMm pacIImpeHHbI ajro-

purm Esxinnna k (26, 11):

26 =2-11 +4,
11=2-4+3,

B (8)
4=1-3+1,

3=3-1+0.




ged = 1. PackpyunBaem:
1=4—-1-3=4—(11—-2-4)=3-4—11
=3-(26—2-11)—11=3-26—7-11. (9)
3maunt, —7-11=1(mod26), To ect» 117'1=-7=
19 (mod 26). IIposepka: 11 - 19 = 209 = 8 - 26 + 1.

JIunelinble cpaBHEHNA. YpaBHEHIIE BUIA
a-x=>b(modm) (10)
Ha3bIBAETCS JIMHEMHBIM cpaBHeHueM. Eciu ged(a, m) = 1, ero

pellleHVe HAXOMUTCS «TOMHOKEHMEM Ha OOpaTHBI»: T = a ' -

b (mod m).

Bbtcmpoe 6036e0eHUe 6 CIeneHb

B kpunTorpadum Hy>KHO yMeTb BBIUMCIATH BbIPAKEHUS BUA
a™ mod m mna orpomubIX 1 (mopaaka 2109). Eciu B 106 ymuO-
aTh @ Ha ce6sS 1 pa3 — 3TO HUKOTNA He 3AKOHUMTCH: Jarke
3a MIUIIMApA yYMHOKEHMII B CeKyHOy Ha 3TO YLIIO ObI OoJiblire
BpeMeHI, UeM CyIIecTByeT BeeseHHas.

Criacaet ujes «pasmesii M BIACTBYIi», U3BeCTHAS TaKxke
KaK GMHApHOE BO3BeleHMe B cTeNeHb. Mnes mpocra: pazmennm

IIOKa3aTes b IIOIIOJIaM:
n an/?)?, n 4YéTHO,
a = (n—1)/2\2 ) (11)
a-(a ),n HEUETHO .
Kaxxmoe Takoe feseHue TOMOJAM yMEHBILIAET ITOKA3aTeNlb IPH-

MEpHO BJBOE, II09TOMY BCEro HY>KHO OKOJIO log, n IIIaroB BMe-
cro n (puc. 4.2).

Pucynok

Pucynox fig:binpow He CreHepUpOBaH: C:
\Users\712\AppData\Local\MiKTeX\miktex\log\miktex-
maketfm.log

Puc. 4.2. Jlepeco 6unaprozo 6o3eedenus a': nokasamenv ymenvuia-

emcst 6060€e (c nonpaskoil Ha UEMHOCMb) Ha Kaxcoom wace. Bcezo

okorno log, 13 ~ 4 wazos.



=7 72=49=3, 7=32=9, 7°=92=81=281—3(123=

Kaxxmp1it «cmyck» genuT Imokasaresb IIPMMEPHO Ha 2, I03TOMY

21000

BCET'0 ITOJIYUA€TCA OKOJIO 10g2 7 1I1arosB. ,HJISI n = 9TO mbvlcaua

ymuoxenuit Bmecro 21000,
Ha nceBmoxone:

fun¢tion powmod(a, n, m):

result := 1

a:=amodm

while n > 0:

if n is odd:

result := (result * a) mod m

a:=(a*a)mod m

n:=ndiv 2

return result

Q Hpumep 4.12

Boruncnum 713 mod 23. 3anumem 13 = 1101,, 1o ecTs 13 =
8 +4+ 1. 3uaunr, 78 =78.7%. 7. Cunraem mocuemosa-

TEJIbHO 110 MOIYJIIO 23:

11

Torma 713 =12-9-7 =756 = 756 — 32 - 23 = 756 — 736 =

20 (mod 23). Bcero — 0K0JIO STV YMHOKEHMIT BMECTO TPUHA-

OIIaTIL.

Ta >xe upes B xpyrom Mecre: uncaa Pudonauun. 3Hakomas co
IIIKOJIBI IIOCJTIeOBaTeIbHOCTh PuboHauum 3amaércs peKyppeHT-
HO:

FE):()’ 171:17 Fn+1:Fn+Fn71' (13)
Ha mepBbIit B31144, UTOOBI BBIYMCINTD F),, HY»KHO ceiaTs n CJIo-
»KeHUI — nuHeltHoe BpeMd. OgHaKo 1 31ech pa60TaeT «paspeidin

U BJIACTBYI»! 3anuiieM peKyppeHTHOe COOTHOIIEHIe B MaTpU4-

(5)=G o) e7) 1

O6osnaumm Matpunly kak A. [lpumensas eé m pa3 K BEKTODY
(F,F)" =(1,0)", momyunm:

el

ITpssmoe moKasaTeabCTBO — MHAYKIMEN 110 7.

HOII popme:

12.



O Basxkuo

TeM caMbIM 3aj1aua CBOJUTCS K BO3BEIE€HII0 MATPUIIBI 2 X 2
B cTerneHb 1. Ho MaTpuisl MOKHO ITepEMHOKATH «IeIeHIeM
[IOTI0JIaM» TOYHO TakK ke, Kak uucna! Cioxkuocts — O(logn)
MaTPUUYHBIX YMHOKEHUIL, TO €CTh OKOJO log, n omeparuii;

BMECTO JIMHEITHOTO YICiIa IIIaroB IOoJIydyaeTcs Jorapudmmde-

ckoe (puc. 4.3).

Pucynok

Pucynox fig:p1-3 He CreHepMPOBaH: C:
\Users\712\AppData\Local\MiKTeX\miktex\log\miktex-

maketfm.log

Puc. 4.3. CpasHeHue HAUBHO20 U «pa30ensli U 671AcMEYii»-nooxooa K

sviuucnenuio I, .
9TOT MpUMep 3aMeuaTesIeH TeM, UTO ITI0KAa3bIBAeT: JaKe JIMHEeN-

Has Ha IIepBBIN B3IUIAJ 3ajjadya MOXeT «IIpSITaTh» BHYTPU cels

CTPYKTYPY, YCKOPAIOIIYIO PellleHNe 9KCIIOHEHIMAJIBHO.

Oynkyus Junepa u manas meopema
Pepma

Yem paielire, TeM mHTepecHeit. Celiuac MbI BBeI€M OOHY (PyHK-

LMI0, UTPAIOLIYI0 KIIOUEBYIO pOJIb B COBpPEMEHHOI KpUIITOIpa-

bun.

1 Onpenenenne 4.13

dyukumeit Jirepa ¢(n) Ha3bIBAETCA KOINUECTBO HATYPAIb-

HBIX UIICeN B OTpe3Ke [1, 1|, B3aMMHO IIPOCTHIX C N.

Q Mpumep 4.14

e(l) =1, ¢(2) =1, ¢(6) =2 (a mmenno, umcna 1 u 5),
©(10) = 4 (uncna 1, 3,7, 9).

Cuayuaii mpocroro umcia. Eciam p — mpocToe 4mciio, To ¢ p He

B3aMIMHO IIPOCT JIUIIBb CaM P cpenau uucer 1, 2, ..., p. 3Hauur,



o(p) =p—1 nna mpocroro p. (16)
Cayyait npousBegeHus: ABYX NIpocThIX. [lycte n = p - g, roe
P, q — pasnnunsle npocrbie. Kakme umcna us [1,n] He B3anMHO
rpocThl ¢ n? TOJIBKO KpaTHbIE P MM KpaTHbIE ¢. KpaTHBIX p pOBHO
q wTyK (310 P, 2D, ..., qP); KPATHBIX ¢ POBHO P LITYK; €MHCTBEH-
HOe UIICII0, KpaTHOe 00omM, — pqg = n. [Io popmye BKIrOUEHMI-
VICKJIIOUEHUIL:
e(pg) =pg—p—q+1=(p—1)(g—1). (17)
910 KOpOTKOe HabroeHne — cepaile atroputma RSA, kotopslit
MBI 3y4uuM B § 4.3.

Q Hpumep 4.15

©(15) = p(3-5) =2 -4 = 8. [leilCTBUTENBHO, B3aANMHO IIpO-
cteivu ¢ 15 B orpeske [1,15] saBuswoTcs  umcia
{1,2,4,7,8,11,13,14} — poBHoO 8 uncei.

B oOwem Bume: a4 n=p,'p." BumomHgeTcs @(n) =
i me: I =p; D JIH p(n) =
k 1
n HZL L5 ) HO 3Ta popMyIia HaM CeroHs ITOHATOOUTCS TONb
KO B YKa3aHHBIX IBYX YaCTHBIX CIydasdx.
Manasa teopema ®epma. OquH 13 caMbIX KPACUBBIX pe3yJib-

TaTOB KJIACCIUECKOI TeOPUHN UNICEJL.
Teopema 4.16. manag Teopema Pepma, 1640 r.

IIycTh p — MPOCTOE UNMCIIO U @ — IieJIoe, He JeJIsiieecs Ha p.
Torma

a?P~! =1 (mod p). (18)
PaBHOCWIBHO: Ui JII00OrO LIEJIOr0 @ BBINONHAETCS af =
a (mod p).

HMoxka3arenbcTBo. Paccmorpum Habop {a,2a,3a, ..., (p — 1)a}
— (p — 1) HeHyJeBBIX OCTAaTKOB, YMHOXXEHHBIX Ha a. Bce oHU
PasIUUHbI 10 MOy p: ecnn ia = ja (modp), to a(i — j) =
0 (mod p), a Tak Kak a He genurca Ha p u | i — j | < p, moayuaem
i=j.

3uauur, vabop {a,2a, ...,(p — 1)a} — aro B Tounocru (c Tou-
HOCTBIO 10 mopsiaka) Habop {1,2,...,p — 1} mo moayiro p. [lepe-
MHOXUM BCE:

a-2a-3a-(p—1)a=1-2-3-(p—1)(modp), (19)



10 ectb aP 1. (p—1)! = (p—1)! (modp). Tlockombky (p —1)!
B3aIIMHO ITPOCT C P, €T0 MOKHO «COKPATUThb» — IOTyunM aP ! =
1 (modp). =

OGoGierne — teopema Jitnepa: a¥™ = 1 (modn) mns mo-
6oro a, B3aMMHO IPOCTOTO C 7M. [[OKa3bIBaeTCs aHAIOTMYHO,
TOJNIBKO BMecTo umcen 1,...,p — 1 Gepyresa Bce umena us [1,n),

B3aVMIMHO ITPOCTBIE C 7.

CKOnvKO 60Kpy2 npocmuvix uucesn?

I[Ipesxae ueM ImepexoauTh K KpUITorpadum, OTBeTUM Ha BasKHBII
MPAaKTUYIECKIUI BOIIPOC: 4aCmo JIu 6Cmpeuarmes npocmole yucna?
Ecny mpocThIX umces Majlo — MMIU HeJb3s OyAeT ITOJTHOLIEHHO

II0OJIB30BATHCA.

Teopema 4.17. YeOwiés - Apmamap — Bamme-Ilyccen,

ACUMIITOTUMUECKIUI 3aKOH paciipe qeJIEHIIA IIPOCTBIX UVICEII

[Tycte 7(IN) — KOIUUECTBO MPOCTHIX UMCEJI, HE TPEBOCXOIS-

mmmx N. Torma
N

"W

mpu N — oo. (20)

B nepecuére Ha «BEpOATHOCTb»: €CIIN CIYUATHO B3SITh HATypaJlb-
HOE YIJICJIO BOKPYT [N, OHO OKa)KeTCS IIPOCTBIM IIPMMEPHO C IIaH-
com 1/1In N. Harmpumep, cpeau 1000-3HAUHBIX UMCET TIPOCTHIMU
okasbIBaeTca mpuMepHo ogHo 13 In 1019%° = 10001n 10 ~ 2300.

910 coBceM HeMaiIo (puc. 4.4).
Pucynox

Pucynok fig:p1-4 He CreHepMPOBaH: C:
\Users\712\AppData\Local\MiKTeX\miktex\log\miktex-

maketfm.log

Puc. 4.4. 3axon pacnpedeneHuss npocmuvix uuces: KOTUUECMEO NPo-
cmuix uucern 0o N eedém ce6s kak N /In N.

[IpakTUUeCcKuil CMBICI: UTOOBI HAMITH IIPOCTOE YMCIIO AJIVHOIL,
ckaxeM, 1024 6ura mus RSA-kiroua, Hy)XKHO ItepebpaTh B CpefHeM
nopganaka 700 ciy4dallHbIX YMces U KaXKAoe IIPOBEPUTH Ha IIPOCTO-

Ty. Ml 3TO HaCc MPMUBOJUT K CJIeYIOIEMY BOIIPOCY.

Q 910 nrTEpecHO

IIvep ®epma, 110 TIpodeccuu IPUCT, MOCBAIIAT Ma-
TeMaTMKe Bedepa. B 1640 roqy oH Hammcas IucbMo
CBOEMY JIPYTY C 3TUM YTBEpPKJIeHMEM, 3aMeTuB: «5]
OBl IpUCIAN {OKA3aTeNbCTBO, eCy Obl He Gosuics,
UYTO OHO CINMIIKOM JIMHHOe». IlepBoe m3BecTHOE
TIOJTHOE JOKa3aTeNbCTBO omy6mmkoBan Jleonapn
Diisep — CIIyCTS CTO JIeT.




[Iposepka npocmomul u 3adaua

paxmopuszayuu

JIBa «qBOJICTBEHHBIX» BOIIpOCA:

IIpoBepka mpoCTOTHI:
JQHO YMCIIO 1 — IIPOCTO€ OHO VI COCTaBHOE?

daxkTopu3anua:
JaHO COCTAaBHOE 7T — PA3JIOKUTD €ro Ha IIPOCTble MHOXUTEJIL.

MosxeT IOKasaThCs, UTO ITY 3ajauy IPUMEPHO ONMHAKOBOII
cnoxHocTy. Ho 3T0 He Tak: OHU NPUHYUNUATILHO PA3HOU CITOHCHO-
crmu, 1 IMEHHO Ha 9TOM KOHTpacTe OCHOBaHa BCS COBpeMeHHas
Kpumnrorpadus.

Tect ®epma. Eciut p npocroe, T0o 110 Teopeme 4.18 mist r060-
TO @, He KpaTHOTO p, BbimonHserca aP’ ! = 1 (mod p). Bospmém
9TO KaK NpPoOHbLU NPU3HAK: €CIU OIS CIyUalHOTO @ BBIIIOJHEHO
a™ ! # 1 (modn), To n 3aBemomMo He npocmoe. Eciu xe a™ ! =
1 (modn) — to n mpocroe ¢ 6omvwioll seposimHocmyio (HO MHOTHA
OBIBAIOT M COCTABHBIE UNICJIA, IIPOXOMSIIINE TECT — TaK HasbIBae-

Mmble unciaa Kapmaiikia).
Tect Mwmuntepa-PabuHa. YcoBepIileHCTBOBaHHBII BapMaHT

tecta Pepma. OH UCIONB3YeET Ty XKe WACH, HO JOIOJIHNUTEIHHO
«oTcenBaeT» yncia Kapmaiikna. [[puHImnmanbable CBOMCTBA:

+ 9TO BEPOSTHOCTHBII TECT: IIPM OTPUILATEIFHOM OTBETE
YIICJIO TOUHO COCTaBHOE; IIPY IIOJIOKUTEIBHOM — IIPOCTOE
C BEPOSATHOCTBIO OLIMOKM He Goubite 1/4 3a oguH Ipoxox;

+ pmeiasd k He3aBUCUMBIX IIPOXOOB, MBIl YMEHbIIIaeM BEPOST-
HOCTh o1n6ku 10 4%, Vixe mpu k = 20 ato MeHbIIre, yeM
10712,

« pa6oraer 3a Bpems O(k - log3 n) — 10 ecTh MOTMHOMM-
aJIBHO OT umciIa nudp.

Tect AKS (2002 r.). Mauuapa Arpasan, Hupax Kasn n Hurua
CaxceHa — MHAMIICKIE MaTeMaTIUKI — BIIEpPBBIE IIPEIBSIBILIN Oe-
MepMUHUPOBAHHDYLT TIOTMHOMUATIBHBII aITOPUTM IIPOBEPKIU IIPO-
crorel. Ha mpakTuke oH pabGoraer MemieHHee Miiepa-Pabuna,
HO Ba)KeH KaK TeopeTHUecKoe NOCTIDKEHMe: ITOKa3all, YTO KIIacc
3ajjau, paspellVMBIX 3a IOJIMHOMMAJIBHOE BpeMsd, BKJIIOYAeT B

ceOd IIPOBEPKy IIPOCTOTHI.



A urto ¢ ¢axropmuszanmert? TyT KapTuHa cOBCeM Apyras.
Jlyd1imit M3BeCTHBII CETOHS aJITOPUTM — 00Ul Memoo pewema

HUcCimo60eo nouasd — pa60TaeT 3a BpEM:, paCTylIee KakK

eXe - Y/(Inn)(Inlnn)2 ) (21)

YTO II0 CYTN CY63KCIIOHCHIII/IEUILHO, HO Hé NOJTUHOMUAJIbHO. ,HJ'IH

1024-6MTHBIX 1 3TO O3HAYAET MIJUIMAPABI JIeT pabOThI CyIIepKOM-

IbIOTEpA.

O Baskao

KomoccanpHblil paspbiB B CIOKHOCTU: NPOGePUMDb, NPOCHoe
JIU YUCsI0 — JIETKO (IIOJIMHOMMUAIIBHO), & PA3IONUMDb UUCTO HA
npocmoie MHOMCUMETU — HEBEPOSITHO TPYAHO (CyOIKCIIOHEH-
1MaabHO). VIMEHHO 3TOT paspbIB U 3KcILTyaTupyercs B RSA
U IPYTUX KPUIITOCUCTEMaX. Be30macHOCTh MHTEpHETA IIPSIMO
ONMpAETCs Ha TO, UTO y UeJOBEYeCTBA IIOKa HeT OBICTPOro

ajnroputMa GpaKTOPMU3ALUL.

A eciM MOABUTCA KBAaHTOBBIN KoMIibloTep? B 1994 rony IIutep
[lop npenmioKui KBaHTOBBIN AJITOPUTM, (PaKTOPUSYIOIIUIT YICIa
3a ITOJIMHOMMAJIbHOe BpeMs. PealbHbIX KBAHTOBBIX KOMIIBIOTEPOB
IOCTaTOYHOro Maciraba moka Her (Ha 2025 rox yIoaBasoch (axTo-
pM30BaTh JUIIb KPOIIIEUHbIE UNCJIa B KAUeCTBe AeMOHCTPALIVIN).
Ho ecm Takme KOMIIBIOTEPHI OyAYT IIOCTPOEHBI — COBPEMEHHBII
RSA pyxHert, 1 moTpeOy0TCS NPUHIMIINAIBHO HOBbIE KPUIITOTPa-
¢buueckue cxeMsl (3TO HaIlpaBJIeHNe HAa3bIBACTCS NOCMKEAHMOBAS

Kpunmoezpagus).

Ymo mul nosIyuuinau

[TogBeném mror. Ha Bompoc «3aueM HaM BCE 3TO B yqe6Hm<e
MHQPOPMATIKI» MBI TOTOBBI OTBETHUTH: TOIBKO UTO MBI IIOCTPONIIN
uHcmpymeHmol, 6€3 KOTOPBIX He paboTaeT HI OAVH 3aIIUIIEHHBIN
caiT. A UMeHHO:
+ CpaBHEHMNs IIO MORYJIIO — SI3bIK, HA KOTOPOM OyJeM OIn-
ChIBaTh IM(pOBaHIUIE,;
+ pacmmpeHHbBII axroputM EBkimmma — 6picTpo et 06-
PpaTHBII 3JIEMEHT I10 MOIYJIIO;
+ OBICTpOe BO3BeJleHIE B CTEIIEHb — I103BOJIsIeT paboTaTh

C TUTAaHTCKVIMW CTECIICHAMI,

@ 910 MHTEPeCHO

Otkperte  AKS-anropmrma cTanmo ceHcaruei:
onuH u3 pykoBopureneit — Hwurmn Caxcena —
GBI Ha TOT MOMEHT aCIIMPAaHTOM IIEPBOTO TOMA.
Pesynprar ony6nukoBad B 2004 rofy B OXHOM U3
CaMbIX IPECTIHKHBIX MaTeMaTUYECKMX )KypHAJIOB
— «Annals of Mathematics» — m Gp1 HasBaH
<<aJIFOpI/ITMOM TBICAYECIIETUA» B O6HaCTV[ TEOPI/H/I
Yncel.




+ Manas reopema Pepma 1 pyHKIUA JiTepa — KIHOY K
cxeMme RSA;
+ Pa3phIB B CIOXKHOCTI MEX/Y IIPOBEPKOIL IIPOCTOTEI I
(dakTopmsaiueil — MCTOUHUK «Oe30I1aCHOCTII».
B cienyrommux maparpadax MbI cO0epéM M3 3TUX KUPIUMKOB

paborarorue Kpunrorpaguueckye IpOTOKOJIBL.

| 3amaum s caMoCTOSITENBHOIT paboThI

1. Haitgure ged(231, 165) anropurmom Esknnna. Ipen-
craBbTe HO/I B Bume 231z + 165y.

2. Haitnmre 571 (mod 37). cnonp3ayitTe pacimpeHHbIi
anroput™ EBkiupa.

3.  Berumcianre 3100

mod 7, IoJIB3ysICh MaJIOi TeOpeMOIt
depma.

4. CkoubKo cyiiectByer uncen B otpeske [1, 100], B3aum-
Ho mpocthix ¢ 100? (oackaska: 100 = 22 - 52, Ho BeI
MOKeTe MCII0Tb30BaTh popmyy ana ¢(p?) miam mps-
MOII ITOJICUET.)

5. 3anmimnTe ObICTpPOE BO3BEJEHIE B CTEIIEHb B BIJIE
IIpOrpaMMBbI Ha 3HAKOMOM BaM SI3bIKe IIPOrpPaMMIpPO-
BaHMA.

6. * Jloxaxure, UTO AJIg COCTABHOI'O N BCerma HAIETCI a
u3 [2,n — 1], mna koroporo ™! # 1 (mod n) — xpo-
me uncen Kapmarikna. Hainure HamMeHblIIee 4m1ciIo
Kapmaiikia.

7. * C momoIs0 MaTpuaHoit GpopMyIsl nisd uncesn $Pubo-

Hauuy Berumciante Fy.
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